Abstract. Y. Hirano introduced the concept of a quasi-Armendariz ring which extends both Armendariz rings and semiprime rings. A ring R is called quasi-Armendariz if a i Rb j = 0 for each i, j whenever polynomials
SKEW POLYNOMIAL RINGS OVER SEMIPRIME RINGS
. Moreover, we extend this property to the skew monoid rings, the Ore extensions of several types, and skew power series ring, etc. Next we define σ-skew quasi-Armendariz rings for an endomorphism σ of a ring R. Then we study several extensions of σ-skew quasi-Armendariz rings which extend known results for quasi-Armendariz rings and σ-skew Armendariz rings.
Throughout this paper R denotes an associative ring with identity. We denote by R[x] the polynomial ring with an indeterminate x over R. Rege and Chhawchharia [18] showed that a reduced ring (i.e., a ring without nonzero nilpotent elements) satisfies this condition. Many properties of Armendariz rings have been studied by several authors [1, 8, 10, 11, 12] . Hirano [5] [5, Corollary 3.8] proved that semiprime rings are quasi-Armendariz rings. Moreover, he showed that the class of quasi-Armendariz rings is Morita stable [4, Theorem 3.12 and Proposition 3.13] , and that if R is a quasi-Armendariz ring, then some extensions of R (e.g., the n-by-n upper triangular matrix ring, the polynomial ring) are also quasi-Armendariz rings. But most of these properties are not stable in Armendariz rings (for example, [10 We also can find more results for skew Armendariz rings in [3, 14] .
Even though reduced rings are not σ-skew Armendariz, in Section 1, we show that if R is a semiprime ring with an epimorphism σ,
. Moreover, we extend the quasi-Armendariz property of semiprime rings to the skew monoid rings, the Ore extensions of several types, and skew power series ring, etc.
Based on results in Section 1, we define σ-skew quasi-Armendariz rings for an endomorphism σ of a ring R in Section 2. Then we study several extensions of σ-skew quasi-Armendariz rings which extend known results for quasi-Armendariz rings and σ-skew Armendariz rings.
Polynomial extensions of semiprime rings
Recall that a monoid G is called a unique product monoid (simply, u.p.-monoid) if for any two nonempty finite subsets A, B ⊆ G there exists c ∈ G uniquely presented in the form ab where a ∈ A and b ∈ B. The class of u.p.-monoids is quite large and important (see [15] and [16] for details). For example, this class includes the right or left ordered monoids, submonoids of a free group, and torsion-free nilpotent groups.
Let R be a ring and G a u.p.-monoid. Assume that there is a monoid homomorphism into the epimorphism monoid of R via the acting of G on R. We denote by σ g (r) the image of r ∈ R under g ∈ G. The skew monoid ring R * G is a ring which as a left R-module is free with basis G and multiplication defined by the rule gr = σ g (r)g.
Then for any r ∈ R and g ∈ G, we have the following equation:
We will show that a i Rσ g i (σ g (b j )) = 0 for any g ∈ G and 0 ≤ i ≤ m and 0 ≤ j ≤ n by using induction on m. If m = 0, then 
By the induction hypothesis,
Since
Continuing the process as above, we can get
and so
for any g ∈ G and 0 ≤ i ≤ m and 0 ≤ j ≤ n.
and σ x (r) = σ(r) for r ∈ R. We denote by Z the ring of integers. From Corollary 1.2, we may conjecture that the condition "σ is an epimorphism of R" can be replaced by "σ is a monomorphism of R". But the following example erases the possibility. Example 1.4. We refer the example of [13, Example 3.7] . Let R be a subset of N × N matrices over a field K defined as follows
e ii for some n ∈ N and a ij , a ∈ K}, where {e ij } i,j∈N denotes the set of matrix units. Then R is a prime ring. The
e ii is a monomorphism of R. Note that e 11 σ(R) = Ke 11 . Therefore, for any integer t ≥ 0, we have e 11 xRx t e 11 = Ke 11 e (2+t)(2+t) x t+1 = 0, and so e 11 xR[x; σ]e 11 = 0. But e 11 Rσ(e 11 ) = 0.
However, we have the following on a reduced ring (i.e., a ring has no nonzero nilpotent elements) with an endomorphism. Remark 1. Let R be a reduced ring with an endomorphism σ and
Equivalently, for any r ∈ R and integer t ≥ 0, (
Proof.
(1) Suppose that aRσ n (b) = 0 for some a, b ∈ R and all integer n ≥ 0. We will proceed by induction on m to show aRδ m (b) = 0 for all integer m ≥ 0. For m = 0, it is trivial. We now suppose m ≥ 1. Since σ is an automorphism of R, a = σ(a ) for some a ∈ R and so a Rσ 
Proof. It is enough to show the necessity. Suppose that
Then for any r ∈ R and integer t ≥ 0, we have 
By the induction hypothesis, we have
The following example shows that the condition "σ has a finite order" is essential in Theorem 1.6. Example 1.8. We refer the example of [9, Example 4.3] . Let F be a field and 
For skew power series rings, we already obtained the following result using a similar method as in the proof of Remark 1.
Remark 2 ([7, Lemma 4])
. Let R be a semiprime ring with an epimorphism σ.
Skew quasi-Armendariz rings
Based on Corollary 1.2, σ-skew Armendariz rings in [6] and quasi-Armendariz rings in [5] , we define the following. 
The following examples show that σ-skew quasi-Armendariz rings strictly contain σ-skew Armendariz rings and semiprime (so reduced) rings in spite of σ being bijective. (2) We consider the ring
where Q is the set of all rational numbers, respectively. Let σ : R → R be an automorphism defined by σ (( a t 0 a )) = a t/2 0 a . Then R is σ-skew Armendariz by [6, Example 1], and so R is σ-skew quasi-Armendariz. But R is not semiprime (so not reduced) obviously.
We thereafter investigate the extensions, that is, matrix rings, polynomial rings, homomorphic images and classical quotient rings over a σ-skew quasiArmendariz ring.
We first study several types of matrix rings over σ-skew quasi-Armendariz rings. The n × n full (or upper triangular) matrix ring over quasi-Armendariz ring is quasi-Armendariz [5, Theorem 3.12] . We extends these results to σ-skew quasi-Armendariz rings. We denote the n × n full matrix ring over R by M n (R). Recall that if σ is an endomorphism of a ring R, then the map
) is an endomorphism of M n (R) and clearly this map extends σ. Proof. We present only the case when n = 2, the general case can be proved by the same method. Note that
σ] can be expressed by the following forms: 
for any 0 ≤ s ≤ p and 0 ≤ t ≤ q. Therefore M 2 (R) isσ-skew quasi-Armendariz. The converse can be easily checked using diagonal matrices.
The class of quasi-Armendariz rings is Morita stable by [5, Theorem 3.12 and Proposition 3.13]. By the same way as in [5, Proposition 3.13], we also have the following result. Let σ be an endomorphism of a ring R and e an idempotent of R such that σ(e) = e. Then we have an endomorphismσ : eRe → eRe defined byσ(ere) = eσ(r)e. We note that there exists a σ-skew quasi-Armendariz ring with idempotent which is not fixed by σ (see Example 2.2(1)).
Proposition 2.4. Let σ be an endomorphism of a ring R and e 2 = e ∈ R with σ(e) = e. If R is σ-skew quasi-Armendariz, then eRe isσ-skew quasiArmendariz.
We denote the n × n upper triangular matrix ring over a ring R by UM n (R). By the same method as in the proof of Theorem 2.3, we obtain the following.
Theorem 2.5. Let σ be an endomorphism of a ring R and fix n ≥ 2. Then R is σ-skew quasi-Armendariz if and only if UM n (R) isσ-skew quasi-Armendariz.
For a ring R, let 
B 4), using Eqs. (6), (7) and the fact that p is any integer, then a 
where α ik = 0 for any 1 ≤ i ≤ k − 1. Since f S k g = 0, we have f S k−1 g = 0. By the induction hypothesis, we have
Since f 11 Sg 11 = 0 by Eq.(9), we have
for any r ∈ R and integer t ≥ 0. Repeating the computation from (3) to (8) on Eq. (10), we have
From Eqs. (9), (11) and the (k − 2, k)-entry is zero, we have
After we repeat the similar computation as above, we have
Continuing this process, we have f ij Sg st = 0 for any 1 ≤ i, j, s, t ≤ k. Therefore R w isσ-skew quasi-Armendariz for any w ≥ 2.
We also consider the following subring of R n . Let
By the same method as in the proof of Theorem 2.6, we have the following.
Theorem 2.7. Let σ be an epimorphism of a ring R. If R is semiprime, then
For an integer n ≥ 2, let RA = {rA | r ∈ R} for any A ∈ M n (R) and
, where I n is the n × n identity matrix, and the map ρ :
n is a ring isomorphism. So we have the following.
Corollary 2.8. Let σ be an epimorphism of a ring R. If R is semiprime, then R[x]/ x
n isσ-skew quasi-Armendariz for any integer n ≥ 2.
From Theorem 2.6, one may suspect that R w may be also aσ-skew quasiArmendariz ring for any integer w ≥ 2 when R is σ-skew quasi-Armendariz for an epimorphism σ of R. But the following example erases the possibility. Example 2.9. Let S be any semiprime ring and
Then R is anĪ S -skew quasi-Armendariz ring by Theorem 2.6, where I S is the identity map of S. , he proved that if R is a M -Armendariz and reduced ring, then R n is M -quasi-Armendariz for each n ≥ 2. However, using the same method as in the proof of Theorem 2.6, we can show that if R is a M -quasi-Armendariz and semiprime ring, then R n is M -quasi-Armendariz for each n ≥ 2.
We next study the polynomial ring and the Laurent polynomial ring over a σ-skew quasi-Armendariz ring. If R is quasi-Armendariz, then the polynomial ring R[x] is quasi-Armendariz [4, Theorem 3.16] . We extend this result to σ-skew quasi-Armendariz rings. Recall that if σ is an endomorphism of a ring R, then the mapσ : (
equivalently, f (x)rx w g (x) = 0 for any integer w ≥ 0. Since
σ]g (y) = 0 and so f (y)ry w g (y) = 0 for any integer w ≥ 0.
. . .
Using these equations, we have f (x)rx w g (x) = 0 for any integer w ≥ 0. Thus
Since R is σ-skew quasi-Armendariz and σ t is the identity map, we have
We now consider the homomorphic images of σ-skew quasi-Armendariz rings. For an ideal I of R, if σ(I) ⊆ I, thenσ : R/I → R/I defined byσ(a + I) = σ(a) + I is an endomorphism of a factor ring R/I. We now note that the homomorphic image of σ-skew quasi-Armendariz rings need not to be so in general.
Example 2.11. We use the argument in [6, Example 7] . Let Z 4 be the ring of integers modulo 4. Consider the ring
Let σ : R → R be an automorphism defined by σ ab
. Then R is σ-skew Armendariz by [6, Example 7] , and so R is σ-skew quasi-Armendariz because R is commutative. Let I = 
Moreover, we may ask that R is an σ-skew quasi-Armendariz ring if for a nonzero proper ideal I of R with σ(I) = I, R/I isσ-skew quasi-Armendariz and I is σ-skew quasi-Armendariz as a ring. However, we also have a counterexample to this situation as in the following. 
for any integer s ≥ 0. We proceed by the induction on degf (x) = n with n ≥ 0. If n = 0, then we are done. Suppose that n ≥ 1. We first claim that 
We now let Especially (a 0 + a 1 x + · · · + a n x n )Rb j = 0 for any j = 0, 1, . . . , m. Now from the hypothesis that σ is surjective, we get a i Rσ i (b j ) = 0 for all i, j. Therefore R is σ-skew quasi-Armendariz.
